We examine a Wess-Zumino term, written in bilinear of superinvariant currents, for a superstring in anti-de Sitter (AdS) space. The standard Inönü-Wigner contraction does not give the correct flat limit but gives zero. This originates from the fact that the fermionic metric of the super-Poincaré group is degenerate. We propose a generalization of the Inönü-Wigner contraction which reduces the super-AdS group to the "nondegenerate" super-Poincaré group, therefore it gives a correct flat limit of this Wess-Zumino term. We also discuss the M-algebra obtained by this generalized Inönü -Wigner contraction from OSp(1|32).
Introduction
There has been great interest in studying anti-de Sitter superstring actions [1, 2, 3, 4, 5] motivated by the AdS/CFT correspondence [6] . The superstring action contains the Wess-Zumino term [7] which is required by the κ-symmetry to match the number of dynamical degrees of freedom for bosons and fermions [8] . The conventional description of the Wess-Zumino term is used in [1, 2] , and an alternative description of the WessZumino term, written in bilinear of superinvariant currents, has been proposed for the AdS superstring theories [3, 5] and for an AdS superstring toy model [4] . The conventional description gives its flat limit straightforwardly as shown in [1] , while the flat limit of the alternative description does not correspond to the simple group contraction. In flat space the Wess-Zumino term is given as an integral of the closed super-invariant three form in one dimension higher space [9] ,
The local two form B 2 is not super-invariant but pseudo super-invariant up to surface term. Its geometrical interpretation given by [10] is that B 2 is an element of the nontrivial class of the Chevalley-Eilenberg cohomology for the supertranslation group. It is also explained that B 2 can not be written as the bilinear of the left-invariant (LI) oneforms because of the degeneracy of the fermionic metric of the supertranslation group [11] .
In contrast to the supertranslation group the super-AdS group contains a nondegenerate group metric, so B 2 can be written as the bilinear of the LI Cartan one-forms, L's [3, 5] 
These references did not examine the bilinear form Wess-Zumino term for the AdS superstring, which will be the purpose of this paper. We will use the notation of [1] . We will see that the flat limit of the Wess-Zumino term (1.2) for the AdS superstring is not obtained by the usual Inönü-Wigner (IW) contraction [13] . The IW contraction does not lead to the bilinear form Wess-Zumino term for a flat superstring, but leads to zero. The question we shall address is what type of group contraction leads to the correct flat limit of it ?
The IW contraction relates the super-AdS group and the super-Poincaré group as follows. The super-AdS algebra generated by J AB = (J AB , RP A ) and √ RQ is given symbolically as Qγ AB .
(1.5)
The Killing supermetric for the super-Poincaré group vanishes 6) so B 2 can not be written in the bilinear of the LI one-forms in flat space.
It has been even in flat space the bilinear form Wess-Zumino term can be constructed from the nondegenerate supertranslation group which contains a fermionic center [11, 12] :
where λ is a scale parameter. The nondegenerate group metric can be imposed
which is not the Killing supermetric, but the invariant group metric with totally antisymmetric structure constants 2 . The nondegenerate supertranslation group has been applied to various p-brane systems and the (p + 1)-form Wess-Zumino terms are used to analyze these systems [4, 14, 15, 16, 17, 18, 19, 20, 21] . Now the question becomes what type 1 The Killing supermetric is given by
of group contraction gives the nondegenerate super-Poincaré group from the super-AdS group?
The existence of a scale parameter, R in (1.3) and (1.4) and λ in (1.7) and (1.8), allows one to have a nondegenerate metric. For the usual IW contraction one takes a limit where such parameter dependence is completely washed out, as 1/R → 0. As a result the fermionic metric becomes degenerate. In order to have the bilinear Wess-Zumino term in a flat limit, equivalently in order to get the nondegenerate super-translation group in a flat limit, we need a more general IW contraction which keeps some parameter dependence. We present a generalization of the IW contraction that relates the super-AdS group and the nondegenerate super-Poincaré group by truncating at a finite order of the parameter expansion of the LI one-forms.
The organization of this paper is as follows. In section 2 we calculate explicitly the bilinear form Wess-Zumino term in the Metsaev and Tseytlin notation [1] to check (1) its exterior derivative, dB 2 = H 3 , (2) κ-invariance of the action and (3) its flat limit. In section 3, we propose a generalization of the IW contraction. At first we take SO(3) group as a simple example then give an interpretation of the generalized IW contraction. Next we apply this procedure to the super-AdS group then we show that this generalized IW contraction gives the nondegenerate super-Poincaré group as well as the usual superPoincaré group. In section 4, we discuss the M-algebra [15] corresponding to an algebra obtained by this generalized IW contraction from OSp(1|32).
2
Wess-Zumino term for the AdS superstring
We follow the notation used in the paper by Metsaev and Tseytlin in [1] 3 . The 2-form Wess-Zumino term for the AdS superstring in the bilinear of the Cartan one-forms can 3 
For AdS
5 ×S 5 case A = a, a ′ (a = 0, 1, ..., 4, a ′ = 5, ..., 9) and α = αα ′ I (α = 1, ..., 4, α ′ = 1, ..., 4, I = 1, 2), the super-AdS algebra is given by
be given by
We will calculate this Wess-Zumino term (2.2) from the following points:
(1) its exterior derivative gives expected three form;
(2) the local κ invariance of the total action; (3) its "flat limit"reduces to the standard Green-Schwarz type IIB superstring action.
Three form H
The Cartan one-forms for the coset SU(2,2|4)/[SO(4,1)×SO(5)] ∋ G = G(x, θ) are given by
and they satisfy the following Maurer-Cartan (MC) equations (1) is confirmed by the first MC equation and symmetric property of indices 4 ;
The result (2.5) is the expected closed three form, dH = 0.
κ-invariance
The second condition (2), the κ-invariance, determines the coefficient of the Wess-Zumino term b in (2.2). In order to consider variations δz M = (δx a , δx a ′ , δθ), it is useful to 4 (Cγ ab ) αβ and (σ 1 ) IJ are symmetric and
For a superstring in the general type IIB background the κ-variations of Cartan one-forms are given by
The Nambu-Goto action is given by
whose κ variation is now written as
On the other hand the κ-variation of the Wess-Zumino term (2.2) is given by
The factor of the last expression in (2.9) is related to the one in (2.10) as
where
The κ-variation of the total action becomes 14) and the κ parameter must satisfy
where we used the fact (
Flat limit
Now we will examine its "flat limit", the third condition (3) . Under the scaling x → (1/R)x and θ → (1/ √ R)θ, the Cartan one-form for Q's are given by computing (2.3)
The leading term of the 2-form is total derivative 17) therefore the next to leading term plays the role of the Wess-Zumino term in flat limit
(2.18)
The cyclic identity of this space is equal to the Jacobi identity of three Q's
for arbitrary spinor φ. The second and the third terms of the 2-form (2.18) are expressed in terms of I as 2nd + 3rd terms of (2.
where partial integration is used. On the other hand the terms are also expressed in terms of I 1 and I 2 as 2nd + 3rd terms of (2.18) = 1
The cyclic identity (2.19) multiplied with one θ and two dθ's gives following formula
We will pick up a suitable combination of (2.22) and (2.23) in such a way that the second and the third terms of (2.18) are rewritten to include only I 1 by using the formula (2.24)
2nd + 3rd terms of (2.18) = X(2.22)
Collecting (2.17), (2.25) and other terms in (2.18) leads to following expression of the Wess-Zumino term in bilinear form (2.2)
The first term proportional to 1/R has survived after the conventional IW contraction but this is total derivative. So the R → ∞ limit the second term proportional to 1/R 2 must be kept. This 1/R 2 -part is nothing but two-form Wess-Zumino term of type IIB F-string. In R → ∞ limit, each AdS 5 and S 5 spaces become flat spaces. At the same time the broken symmetries, Lorentz rotation among AdS 5 and S 5 , become symmetries of the system and the total 10-dimensional Poincaré symmetry is also restored. Corresponding to this the gamma matrix and the spinor indices are also adjusted in such a way that the flat 10-dimensional cyclic identity is hold. We discuss this point in the subsection 3.2.
We have shown that the superinvariant Wess-Zumino term written in bilinear form (2.2) satisfies the three conditions, (1) three form H, (2) κ-invariance and (3) flat limit. Next we examine its consistency from the point of the flat limit. In a flat space the superinvariant Wess-Zumino term can not exist for a supertranslation group, in other words the Wess-Zumino terms for branes in flat space belong to a non-trivial class of the Chevalley-Eilenberg (CE) cohomology of the supertranslation group as shown in [10] . In AdS spaces the bilinear form Wess-Zumino terms exist, which is deeply related to the existence of the scale parameter R. In order to have the bilinear Wess-Zumino term even in a flat space, we need a different type of contraction where the scale parameter does not disappear completely and the resultant superalgebra is nondegenerate. It is also shown in [22] that Wess-Zumino terms for branes in flat space are classified by the topological brane charges in their superalgebra. On the other hand the superinvariant Wess-Zumino term, which belongs to a trivial class of CE cohomology, does not contain a corresponding brane charge at least classical level. A topological brane charge plays the role of the BPS mass [23] , so it is expected to appear both in a flat space and in AdS spaces. We are faced with following new questions on the superinvariant Wess-Zumino terms:
(a) What type of group contraction reproduces its correct flat limit?
(b) How is the brane charge obtained in its superalgebra?
In this paper we will focus on the first question.
Generalized Inönü-Wigner contraction
As we have shown, the flat limit of the bilinear form Wess-Zumino term must be taken carefully in such a way that one keeps not only leading terms but also next to leading terms of Cartan one-forms (2.16) in the 1/R expansion. The usual IW contraction reduces the super-AdS algebra to the super-Poincaré algebra and keeps only leading terms, therefore the flat limit action becomes the total derivative part (2.17). In order to keep the next to leading term, we need to enlarge the "contraction" procedure. In this section we will consider a generalization of the IW contraction in such a way that it keeps the next to leading term and it also includes the original IW contraction. At first we take a simple example, SO(3) is reduced to ISO(2) with a center by the generalization of the IW contraction. Next we will show that the super-AdS group is reduced to the "nondegenerate" super-Poincaré group by the generalization.
Generalized contraction of SO(3)
We begin with SO(3) as the simple example of a generalization of the IW contraction. Generators J I , I = (x, y, z) satisfy
Parameterizing a group element as g = e J I φ I gives Cartan one-forms
The conventional IW contraction requires rescaling of generators
and taking the limit s → 0. This corresponds to rescaling parameters,
and
and then taking the s → 0 limit. This procedure is equivalent to keeping only leading terms of L I 's in s-expansion. Now, before taking the limit, we consider the scaling (3.4) for φ I 's which implies the following expansion of Cartan one-forms L I 's
MC equations are satisfied in order by order
or equivalently This is the inhomogeneous SO(2); the rotation around the z-axis on the x-y plain remains, but rotations around the x-axis and y-axis are restricted to infinitesimal values and turn out to be translations in the y and x directions. Next let us consider alternative limit in such a way that not only leading terms, L 
The new generator, J z,2 , is a central term. This is in contrast the three-dimensional rotation on a two-dimensional sphere into the rotation of the z-axis on a x − y flat plane. This generalization brings the rotation of the z-axis on the x − y plane which has a infinitesimally small curvature. Further generalization is possible as long as the MC equations are consistently maintained.
Generalized contraction of super-AdS
Now let us go back to the problem of the Wess-Zumino term for a AdS superstring. The usual IW contraction reduces the super-AdS group (1.3) to the super-Poincaré group (1.5). It is convenient to use the MC equations for restricting the parameters as shown in the previous subsection. The MC equations for the super-AdS group are
14)
where covariant derivative D includes the Lorentz rotation. They are reduced under the IW contraction to those for the super-Poincaré algebra
5 Although the Cartan one-form for the Lorentz generator vanishes for the super-Poincaré algebra, we include it in order to clarify the commutation relations of the corresponding superalgebra.
For example, L I αα ′ contains only the leading term of (2.16) after the contraction and it satisfies (3.15).
The procedure for keeping the next to leading term of Cartan one-forms is as follows. We expand the Cartan one-forms in s = 1/R as 
where D includes Lorentz rotation. The equations (3.17)-(3.19) correspond to the superPoincaré algebra (3.15), in other words, leading terms of this expansion correspond to the usual IW contraction.
Now we generalize the IW contraction as follows. For an expansion parameter s which is finite before contraction, we expand an element and subtract the redundant part,
The Cartan one-forms (3.16) are now subtracted,
Taking (N, M, P ) to be (1, 1, 1) gives LI Cartan one-forms
. This procedure can give the correct flat limit of the AdS superstring.
In this subsection we focus on a case N = 1, M = 1, P = 1, while more general cases will be discussed in the next subsection.
Let us translate the MC equations (3.17)-(3.21) into (anti)commutation relations of nondegenerate algebra. If we expand the LI Cartan one-form introducing generators as
MC equations (3.17)-(3.21) turn out to be the nondegenerate superalgebra on E 1,4 × E
where the cyclic identity (2.19) requires a tensor central charge which can be always taken as a quotient subgroup. We have obtained the nondegenerate superalgebra from super-AdS algebra using generalized IW contraction. This algebra can be rewritten in 10-dimensional spinor representation 7 as
where the following cyclic identity 29) is used and the center Σ A can be taken as a quotient subgroup. Of course it is necessary to check the cyclic identity. This procedure may correspond to the similarity transformation in the original IW contraction which is required for the consistency.
There are two manners for realizing these algebras: 6 We omit the Lorentz generator here. This implies that the commutation relations corresponding to Lorentz transformations are omitted for simplicity below. 7 In the limit R → ∞, we have obtained superalgebras on E 1,4 × E 5 . In order to obtain E 1,9
superalgebra, we must recover full generators of the ten-dimensional covariance. This is associated with the replacement of the E 1,4 × E 5 Fierz identity in the Metsaev-Tseytlin notation
with the E 1,9 Fierz identity
In this particular case, J 1 is replaced with a F-string charge (Σ A ) in the algebra.
(i) A simple example of realization of the algebra (3.28) is that for an open superstring as discussed in [20] ,
The system is described by only (X A , p A ) and (θ α , ζ α ) 8 . This realization can be viewed as a description of the nondegenerate group manifold in terms of the AdS superspace.
(ii) Another way is to introduce canonical coordinates (ξ α , Π ξ,α ) and (y A , p A Y ) corresponding to Q α,3/2 and Σ A adding to the original variables. This is the case in our previous work [4, 21] . The canonical generators are expressed as
The algebra (3.28) gives the group metric such that the metric in fermionic coordinates becomes nondegenerate, g Q 1/2 Q 3/2 = tr(Q 1/2 Q 3/2 ) = 0. The nondegenerate group manifold is obtained by the generalized IW contraction from the AdS superspace in these ways. 8 The two-form doublet B are written in terms of Cartan one-forms as [16, 17, 19] 
Parameterizing a group element as G = e x A PA e θQ 1/2 , Cartan one-forms are expressed as
,
and B = B N S is expressed in terms of (x, θ)
This agrees with the two-form B obtained in (2.26). For RR two-form, σ 3 in (3.32) is replaced by σ 1 .
3.3
Sequence of the generalized IW contracted subalgebra Now let us consider the general integer N, M, P case in (3.23) . A set of generators with the highest dimension (N, M, P + 1/2) form an algebra G(N, M, P + 1/2)
with
is the nondegenerate superalgebra generated by
} discussed in the previous subsection. A generator with the highest dimension is a center of the algebra. In other words, this algebra is nilpotent. This implies a sequence of subalgebras
is the original super-AdS algebra after suitable combination of generators.
As well as the nondegenerate supertranslation algebra case (3.25), there are two manners of describing group manifold of G(N, M, P + ).
(i)The first one is to begin with a super-AdS group manifold and to regard G(N, M, P + 1 2 ) as a corresponding limit as we have seen above. In this case, the group manifold of G(N, M, P + 1 2
) is described by AdS supercoordinates (x, θ) dual to (P, Q) (after dividing by Lorentz group) with nontrivial boundary conditions.
(ii)The other one is to introduce a coordinate set dual to generators with dimension from 0 to k. The group manifold is parameterized by coordinates dual to them.
M-algebra as the contracted OSp(1|32)
There is another interesting example of this generalized IW contraction. M-algebra [15] is an eleven dimensional superalgebra generated by generators of supertranslations Q M = (Q α , P µ ), string charge Z M , M2-brane charges Z M N and M5-brane charges Z M 1 ···M 5 , where M runs 11-dimensional vector indices and spinor indices M = (µ, α). This algebra is too big enough to include the D=11 N=1 supertranslation algebra. In order to examine the structure of the M-algebra, we rather begin with OSp(1|32) algebra which is generated by 32 supercharges Q α and 528 Sp(32) generators M αβ , α, β = 1, . . . , 32 in spinor indices. They satisfy the following algebra
We denote Cartan one-forms dual to Q α , M αβ as Π α and Π αβ , respectively and expand as
Cartan one-forms and the dimension are listed below.
generator
A general expansion gives infinite number of generators, but we terminate this sequence at the suitable dimensions in order to focus on the M-algebra.
The MC equations for OSp(1|32) in each order of R are found to be
This corresponds to the M-algebra proposed by Sezgin [15] , if we relate our Cartan oneforms with his Cartan one-forms,
etc., or equivalently
In Sezgin's M-algebra the auxiliary generators Z with spinor indices, Z µβ , Z αβ etc., correspond to the higher dimension generators, Z α , M (2) αβ etc., in our algebra. Our reduced M-algebra is subalgebra of Sezgin's M-algebra; the number of bosonic generators and fermionic generators are 528 × 3 = 1584 and 32 × 4 = 128 for ours and 664147 9 and 717088 10 for Sezgin's M-algebra, respectively. The number of generators of the M-algebra is determined by the number of the dimension of possible branes in 11-dimensions.
A set of generators with dimension less than k forms an algebra. We denote this as G(k). Then this reduced M-algebra is G(7/2). Generator with the highest dimension is a center of the algebra. This algebra contains subalgebras
G(1) : super-translation algebra with maximal central extension G(3/2) : non-degenerate algebra G(7/2) : reduced M-algebra .
One can extend the M-algebra including a dimension 4 generator or a Cartan one-form Π αβ 4 satisfying the MC equation
The extended superalgebra G(4) has the M-algebra as a subalgebra
If it is possible to extend to a superalgebra G(7/2) · · · G(∞) with suitable reducibility of generators analogous to (4.4), the asymptotic algebra is OSp(1|32). 
Conclusions and discussions
In this paper we have shown that the manifest SUSY invariant Wess-Zumino term written in the bilinear form (2.2) satisfies (1) its derivative to be correct closed three-form, (2) κ-invariance and (3) its flat limit to be the one for the Green-Schwarz superstring. Then it gives rise to the following questions :
(a) Which contraction reproduces the correct flat limit?
(b) How is the string charge contained in the superalgebra?
We proposed a generalized IW contraction as an answer to question (a). While the original IW contraction restricts parameters contracted to infinitesimally small values and keeps leading terms in LI one-forms, this generalization relaxes this restriction in such a way that not only leading terms but also next to leading terms are kept: L Again a suitable finite number of combinations of the infinite number of generators is required.
Question (b) was considered in our previous papers. The string charge is expected to be an observable topological charge which should be in the superalgebra [23] . However it is impossible to produce the topological surface term from the manifestly SUSY invariant Wess-Zumino term. In [4] we start with the nondegenerate superalgebra, and the actions are written in manifest SUSY invariant forms. There is no way to have the string charge in the superalgebra. On the other hand, the local fermionic constraints algebra contains the local form of the string charge because of the second class constraints. Therefore we expect that in the quantized level, and correctly taking into account the second class constraints, the string charge will appear in its superalgebra. In [21] we start with the nondegenerate superalgebra with the bosonic central charge that would be a string charge. It turns out that this central charge takes half the value of the string charge as determined by the requirement of the κ-symmetry. This leads to the necessity of an additional contribution to the central charge. We leave this question in future publication.
